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The Heisenberg limit vs
the standard quantum limit
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Coherent states. Squeezed states.
X
P\ b
Error scaling Error scaling

\ Ap? < 1/N / \ Ap? «x 1/N? /




dominicberry.org/aip.pdf

Measurement of varying phase
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Types of phase correlations

m Signal correlations
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Heisenberg limit for waveform estimation is
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Measurements are possible with

A¢2 1 § CA(p)
N2(@-1)/(p+1)

Standard quantum limit is
1
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Ap? < 1/N?/3  vs
Ap? x 1/N/2  SQL

N Is average
flux divided
by k.
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Bell-Ziv-Zakal bounds

m phases X

m measurement results Y
m estimates X(Y)
merrore=X(Y)—-X

m \We want mean-square error for estimation of phase X,.
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Bell-Ziv-Zakal bounds
Ap2(ty) = %fom dr D (%) Pr([uTel > %)

T
Pr(IuTel > 2) > 2 max jdx min|Py (x), Py(x + v1)|P,(x, x + vT)

viuTv=1

1
P,(x,x +vt) = Ell —\/1 — F(x,x + vr)]
The quantum Bell-Ziv-Zakai bound!
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Bell-Ziv-Zakal bounds

AP2(t,) = %fom dz D (%) Pr([uTel > %)

T
Pr (IuTEI > —) > 2 max j dx min[Py(x), Py (x + v1)]|P,(x, x + vT)

2 viuTv=1

1
P,(x,x +vt) = Ell —\/1 — F(x,x + UT)]
The quantum Bell-Ziv-Zakai bound!

We need lower bounds on two things:

7. F(x,x + vt) - property of state

2. min[Px(x),Px(x + UT)]
\ property of phase variation
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Bound on F
We need lower bounds on two things: AEt)
7. F(x,x +v1) !
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For phase measurement, E(y)
e = epirmpexp(-ix) | A JEl
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Bound on Py

We need lower bounds on two things: AEt)
1
7. F(x,x +v1)
2. min|Pyx(x), Py(x + v1)]
t
-1 1
For phase measurement, _ —— ;
Correlations are multivariate Gaussian
px = exp(ix'n) p exp(—ix'n) distribution with covariance Z,,
We can show that (with 4 = 0.7246) j dx min[Py(x), Px(x + v1)] = A <i>
To
T
F(x,x + vt) ZA(T—) 2
F =
B 1 ‘o vTEg5tv
T 22T ny




dominicberry.org/aip.pdf

Net result
1 T T
Ap?(to) = Ejo dt TA (T—())A(;)
L LK 1y 1 L 21T
f 2™y 0T vty
Take:
v(t) = sinc? (t Z_Tto) T « N=2/®*1D) gives
Gives Ad? > c,(p)N ~2p-1/(p+1)

lv|T(n) = 2rTN(t,)
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Achieving the bound
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Conclusions

= We have proven a Heisenberg limit for
waveform estimation, for phase variation with
power-law correlations.

Kp_l i A¢2 CZ(p)
|lw|P + yP — N2(@-1/(p+1)

Y(w) =

= This shows that adaptive measurements
proposed for squeezed states are optimal.

m This result appears as an application of the more
general guantum Bell-Ziv-Zakal bound.
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