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The Heisenberg limit vs

the standard quantum limit

The Heisenberg 

Limit

 Squeezed states.

 Error scaling

The Standard 

Quantum Limit

 Coherent states.

 Error scaling

Δ𝜙2 ∝ 1/𝑁 Δ𝜙2 ∝ 1/𝑁2

𝜙 𝜙
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Δ𝜙2 ∝ 1/𝑁2 𝑣𝑠 Δ𝜙2 ∝ 1/𝑁

Measurement of varying phase

Wiener noise

𝜙

𝜃

weighting

𝜙 𝑡 − 𝜙(𝑡0)

Constant   vs varying

 Coherent states:

 Squeezed states:

 Optimal states:

Δ𝜙2 ∝ 1/𝑁 𝑣𝑠 Δ𝜙2 ∝ 1/ 𝑁

Δ𝜙2 ∝ 𝑒−2𝑟/𝑁 𝑣𝑠 Δ𝜙2 ∝ 𝑒−𝑟/ 𝑁

?
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Δ𝜙2 ∝ 1/𝑁2 𝑣𝑠 Δ𝜙2 ∝ 1/𝑁2/3

Measurement of varying phase

Wiener noise

𝜙

𝜃

weighting

𝜙 𝑡 − 𝜙(𝑡0)

Constant   vs varying

 Coherent states:

 Squeezed states:

 Optimal states:

Δ𝜙2 ∝ 1/𝑁 𝑣𝑠 Δ𝜙2 ∝ 1/ 𝑁
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Δ𝜙2 ∝ 𝑒−2𝑟/𝑁 𝑣𝑠 Δ𝜙2 ∝ 𝑒−𝑟/ 𝑁



Types of phase correlations
 Σ(𝜔)

𝜔

𝜙(𝑡)

𝑡
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 Signal correlations

Σ 𝑡 − 𝑡′ = 𝜙 𝑡 − 𝜙 𝑡′ 2

 Spectrum scaling

 Σ 𝜔 ∝
1

|𝜔|𝑝

 Exact spectrum

 Σ 𝜔 =
𝜅𝑝−1

|𝜔|𝑝 + 𝛾𝑝

 Statistics for signal are 

Gaussian and stationary.



Our result
Heisenberg limit for waveform estimation is

Δ𝜙2 ≥
𝑐𝑍(𝑝)

𝑁2 𝑝−1 /(𝑝+1)

Measurements are possible with

Δ𝜙2 ∼
𝑐𝐴(𝑝)

𝑁2 𝑝−1 /(𝑝+1)

Standard quantum limit is

Δ𝜙2 ∝
1

𝑁(𝑝−1)/𝑝

 For 𝑝 → ∞

Δ𝜙2 ∝ 1/𝑁2 vs

Δ𝜙2 ∝ 1/𝑁 SQL

𝑁 is average 

flux divided 

by 𝜅.
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 For 𝑝 = 2

Δ𝜙2 ∝ 1/𝑁2/3 vs

Δ𝜙2 ∝ 1/𝑁1/2 SQL



Bell-Ziv-Zakai bounds

 phases 𝑋

 measurement results 𝑌

 estimates  𝑋(𝑌)

 error 𝜖 =  𝑋 𝑌 − 𝑋

 We want mean-square error for estimation of phase 𝑋𝑘.

𝑌 →  𝑋(𝑌)
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Bell-Ziv-Zakai bounds

Δ𝜙2(𝑡0) =
1

2
 
0

∞

𝑑𝜏  𝐷
𝜏

2
Pr 𝑢⊤𝜖 ≥

𝜏

2

Pr 𝑢⊤𝜖 ≥
𝜏

2
≥ 2 max

𝑣:𝑢⊤𝑣=1
 𝑑𝑥 min 𝑃𝑋 𝑥 , 𝑃𝑋 𝑥 + 𝑣𝜏 𝑃𝑒(𝑥, 𝑥 + 𝑣𝜏)

𝑃𝑒 𝑥, 𝑥 + 𝑣𝜏 ≥
1

2
1 − 1 − 𝐹 𝑥, 𝑥 + 𝑣𝜏

The quantum Bell-Ziv-Zakai bound!
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𝑌 →  𝑋(𝑌)



Bell-Ziv-Zakai bounds

Δ𝜙2(𝑡0) =
1

2
 
0

∞

𝑑𝜏  𝐷
𝜏

2
Pr 𝑢⊤𝜖 ≥

𝜏

2

Pr 𝑢⊤𝜖 ≥
𝜏

2
≥ 2 max

𝑣:𝑢⊤𝑣=1
 𝑑𝑥 min 𝑃𝑋 𝑥 , 𝑃𝑋 𝑥 + 𝑣𝜏 𝑃𝑒(𝑥, 𝑥 + 𝑣𝜏)

𝑃𝑒 𝑥, 𝑥 + 𝑣𝜏 ≥
1

2
1 − 1 − 𝐹 𝑥, 𝑥 + 𝑣𝜏

The quantum Bell-Ziv-Zakai bound!
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property of state

property of phase variation

We need lower bounds on two things:

1. 𝐹 𝑥, 𝑥 + 𝑣𝜏

2. min 𝑃𝑋 𝑥 , 𝑃𝑋 𝑥 + 𝑣𝜏



Bound on 𝐹
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For phase measurement,

𝜌𝑥 = exp(𝑖𝑥⊤𝑛) 𝜌 exp(−𝑖𝑥⊤𝑛)

We can show that (with 𝜆 ≈ 0.7246)

𝐹 𝑥, 𝑥 + 𝑣𝜏 ≥ Λ
𝜏

𝜏𝐹

𝜏𝐹 =
1

2𝜆 𝑣 ⊤〈𝑛〉

We need lower bounds on two things:

1. 𝐹 𝑥, 𝑥 + 𝑣𝜏

2. min 𝑃𝑋 𝑥 , 𝑃𝑋 𝑥 + 𝑣𝜏



Bound on 𝑃𝑋
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We need lower bounds on two things:

1. 𝐹 𝑥, 𝑥 + 𝑣𝜏

2. min 𝑃𝑋 𝑥 , 𝑃𝑋 𝑥 + 𝑣𝜏

For phase measurement,

𝜌𝑥 = exp(𝑖𝑥⊤𝑛) 𝜌 exp(−𝑖𝑥⊤𝑛)

We can show that (with 𝜆 ≈ 0.7246)

𝐹 𝑥, 𝑥 + 𝑣𝜏 ≥ Λ
𝜏

𝜏𝐹

𝜏𝐹 =
1

2𝜆 𝑣 ⊤〈𝑛〉

Correlations are multivariate Gaussian 

distribution with covariance Σ0, 

 𝑑𝑥 min 𝑃𝑋 𝑥 , 𝑃𝑋 𝑥 + 𝑣𝜏 ≥ Λ
𝜏

𝜏0

𝜏0 =
2𝜋

𝑣⊤Σ0
−1𝑣



Net result

Δ𝜙2(𝑡0) ≥
1

2
 
0

∞

𝑑𝜏 𝜏Λ
𝜏

𝜏0
Λ

𝜏

𝜏𝐹

𝑢⊤𝑣 = 1 𝜏𝐹 =
1

2𝜆 𝑣 ⊤〈𝑛〉
𝜏0 =

2𝜋

𝑣⊤Σ0
−1𝑣

Take:

𝑣 𝑡 = sinc2
𝑡 − 𝑡0
2𝑇

Gives

𝑣 ⊤ 𝑛 = 2𝜋𝑇𝑁(𝑡0)
𝑣⊤Σ0

−1𝑣 ∝ 𝑇1−𝑝

𝑇 ∝ 𝑁−2/(𝑝+1) gives

Δ𝜙2 ≥ 𝑐𝑧 𝑝 𝑁−2 𝑝−1 /(𝑝+1)
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Achieving the bound

estimated with 

error ∝ 𝑁𝑇 −2

interpolation 

error ∝ 𝑇𝑝−1

𝑇 ∝ 𝑁−2/(𝑝+1) gives

Δ𝜙2 ∼ 𝑐𝐴 𝑝 𝑁−2 𝑝−1 /(𝑝+1)
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Conclusions

 We have proven a Heisenberg limit for 

waveform estimation, for phase variation with 

power-law correlations.

 Σ 𝜔 =
𝜅𝑝−1

𝜔 𝑝 + 𝛾𝑝
⇒ Δ𝜙2 ≥

𝑐𝑍(𝑝)

𝑁2 𝑝−1 /(𝑝+1)

 This shows that adaptive measurements 

proposed for squeezed states are optimal.

 This result appears as an application of the more 

general quantum Bell-Ziv-Zakai bound.
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