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Simulation of Hamiltonians

Richard Feynman
1981: Idea of quantum computer

Seth Lloyd
1996: Algorithm to simulate
interaction Hamiltonians

Aharonov + Ta-Shma
2003: Algorithm to simulate
sparse Hamiltonians



Simulation of Hamiltonians

Aharonov + Ta-Shma
2003: Algorithm to simulate
sparse Hamiltonians

Harrow, Hassidim, Lloyd Childs, Cleve, Jordan, Yonge-Mallo
2009: Quantum algorithm 2009: Quantum algorithm for
to solve linear systems NAND trees

Clader, Jacobs, Sprouse
2013: Quantum algorithm

Berr )
Y for scattering problems

2014: Quantum algorithm
for differential equations



The simulation problem

Problem: Given a Hamiltonian H, simulate
d
—_— = —iH(t
5 [¥) = —iH ()]

for time t and error no more than «.

Inputs: H, t and .
Parameters of H:
> d — sparseness
» N — dimension
> ||[H|| — norm of the Hamiltonian

> ||H'|| — norm of the time-derivative



Main result

Queries:

Gates:

O(t X polylog)
T = d||H||naxt

' log(t/¢)
(T log log(r/e))

1 log?(t/¢)
(T log log(r/g))




Comparison to prior work

O(t X polylog)
T = d||H|[haxt

1. Lloyd 1996: poly(d,log N) x ||Ht]||? /¢

2. Aharonov & TaShma 2003: poly(d, log N) x ||Ht||3/% /1/?

3. Berry, Cleve, Ahokas, Sanders 2007: (d*||Ht|| log*N)1*9(1/¢)°
4. Childs & Kothari 2011: (d3||Ht|| log*N)1*°(1/¢)°

5. Berry & Childs 2012: d||H || axt/€/?
6. Berry, Childs, Cleve, Kothari, Somma 2013: d?||H||axt X polylog



Comparison to lower bound

Upper bound: O(t X polylog)
T = d||H||naxt

Lower bound: O(t + polylog)
T = d||H||paxt






Model

Sparse Hamiltonians

[ 0 0 2 0 0 V2 .- 0 \
0 3 0 0 0 1/2 ... 0
2 0 0 0 0 ai el -
0 0 0 1 e™/7 0 ... 0
= 0 0 0 e~im/T 9 al it 0
—V2i 1/2 0 0 0 al e 0
\ 0 0 —v3—-i 0 0 0o --- 1/10 /

m Query: An efficient algorithm to determine the positions and
values of non-zero entries.

®m Includes local interactions as a special case.



Standard method

m Use decomposition as

M
H — ZHR
k=1

m  Approximate evolution for short time as
M

e—lHt ~ e—lHkt

A A

k=1

m For longer times, divide up into many short times

M r

o~ iHE He—int/r
k=1
S. Lloyd, Science 273, 1073 (1996).




Advanced methods

A. Quantum walks (2012)

P 4E €4 hed

B. Compressed product formulae (2013) /
Implementing Taylor series (2014)

-
. A A

C. Superposition of quantum walk steps (2014)

‘memmg

D. W. Berry and A. M. Childs, Quantum Information and Computation 12, 29 (2012).
D. W. Berry, A. M. Childs, R. Cleve, R. Kothari, R. D. Somma, arXiv:1312.1414 (2013).




Quantum walks

m Classical walk: position x jumps either to the
left or the right at each step.

Quantum walk has position and coin values
|x, c)
It then alternates coin and step operators,
Clx,+1) = (Ix,—1) + |x, 1)) /V2
Slx,c) =|x +c,c)

The position can progress linearly in the
number of steps.



Quantum walks

m Classical walk: position x jumps either to the
left or the right at each step.

m  Quantum walk has position and coin values
|x, c)
m It then alternates coin and step operators,
Clx,£1) = (Ix, —1) % |x,1))/V2
Slx,c) =|x +c,c)

m The position can progress linearly in the
number of steps.

m  Szegedy quantum walk allows arbitrary

dimensions, n and m on the two subsystems. |

m  Szegedy guantum walk uses more general
controlled “diffusion” operators. '




Szegedy quantum walk

m The “diffusion” operators are of the form
2CCT —1
2RRT —1

m ( is controlled by the first register and acts on the second
register.

m The operator C is a controlled reflection.

€= > 1)l ® le)
i=1

e) = D Jelijlli)

J=1

m The diffusion operator 2RR" — 1 is controlled by the second
register and acts on the first.

M. Szegedy, quant-ph/0401053 (2004).



Szegedy walk for Hamiltonians,

m Use symmetric system, with n = m and
cli, j1 = rli,j] = H;;

m The step of the quantum walk is (S is swap)
V=is@cct -1
m Eigenvalues and eigenvectors are related to those of Hamiltonian.

m  We need to modify to “lazy” quantum walk, with

N N
o) = 52H*'+1 %0 |N+1 = ) IH
il st ittt n 2
j= i=

extra
component

A. M. Childs, Commun. Math. Phys. 294, 581 (2009).




State preparation

Grover state preparation starts from

N
1
— k)0
m;' )[0)

Rotate ancilla according to amplitude for state to be prepared

N
1
WPy = — > |k)(,|0) A
7w 2.0 W

Amplitude amplification yields component where ancilla is zero.

In comparison, state we wish to prepare |

N
L A E HEj)
VR NIE 2 A
j=1

We can just use one iteration!

D. W. Berry and A. M. Childs, Quantum Information and Computation 12, 29 (2012).
L. K. Grover, PRL 85, 1334 (2000).




Szegedy walk for Hamiltonians

Three step process:

1. Start with state in one of the subsystems, and perform
controlled state preparation.

2. Perform steps of quantum walk to approximate Hamiltonian
evolution.

3. Invert controlled state preparation, so final state is in one of
the subsystems.

A. M. Childs, Commun. Math. Phys. 294, 581 (2009).



Szegedy walk for Hamiltonians

m A Hamiltonian H has
eigenvalues A.

m V is the step of a quantum

walk, and has eigenvalues
Uy = ie+iarcsinﬂ,5

@ \We aim to achieve evolution
under the Hamiltonian. It has

eigenvalues
p—iAt

A

T — arcsin Ao

arcsin A6

lu-)

|4 )

A. M. Childs, Commun. Math. Phys. 294, 581 (2009).



Advanced methods

A. Quantum walks (2012) \/

B. Compressed product formulae (2013) /
Implementing Taylor series (2014)

C. Superposition of quantum walk steps (2014)

D. W. Berry and A. M. Childs, Quantum Information and Computation 12, 29 (2012).
D. W. Berry, A. M. Childs, R. Cleve, R. Kothari, R. D. Somma, arXiv:1312.1414 (2013).




1.

Compressed product formulae

Decompose Hamiltonian into a sum of self-inverse

Hamiltonians.

Approximate Hamiltonian evolution by Lie-Trotter

formula, then compress it.

)

Use oblivious o

amplitude m s

qubits | 1

alnseswl

amplification. ot

e R

A

(=TT 2

Uu.fu,

U U ufu-u fudufu,

Sl
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BwW N B
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1.

Compressed product formulae

Decompose Hamiltonian into a sum of self-inverse

Hamiltonians. \

Approximate Hamij 1. Decompose Hamiltonian into 1-sparse.
formula, then com] 2. Break 1-sparse into X, Y, Z parts.
3. Break X, Y, Z parts into self-inverse.

Use oblivious
amplitude m
amplification.

qubits ]

|l/)>_

| G

S o
NI

alnseswl

|HH| T -

ﬂﬂﬂﬂﬂﬂﬂﬂﬂﬁ"’%‘ﬂh‘ﬂ

Ujuufu,

Uu U,

ISI—<

_Il/J>

U U ufu-u fudufu,




Decompose Hamiltonian to 1-sparse

m Decompose Hamiltonian into H; and H,:

( 0 0 2 0 0 2 | .- 0 \
0 3 0 0 0 |[1/2 --- 0
2 0 0 0 0 .- (e
0 0 0 1 et™/7| 0 0
iy 0 0 0 e=im/7 T2 DL R I 0
—/2i [1/2 0 0 0 0 - 0
K 0 0 v3-i o 0 0o .- [1/10 /

m No more than d nonzero elements in any row or column.

= In general can decompose into d? parts.



Decompose Hamiltonian to 1-sparse

m Decompose Hamiltonian into H; and H,:

( 0 0 0 0 0 [V/2i]--- 0 \
0 3 0 0 0 0 JRE 0
0 0 0 0 0 0 | ... [SEEEEEE
0 0 0 1 0 DRI R I- 0
H; = 0 0 0 0 2 DI 1 B 1 0
—/2i 0 0 0 0 DI R ER 0
K 0 0 |-v3—i 0 0 O [ =+ 0 /

m No more than d nonzero elements in any row or column.

= In general can decompose into d? parts.



Decompose 1-sparse to X, Y, Z

m Breakinto X, Y and Z components:

off-diagonal real

( 0 0 0 0 0 [+/2i]--- lo \
0 3 0 0 0 o kL 0
0 0 0 0 0 0 ... ([=3/3E.
0 0 0 1 0 DILE L 0
H; = 0 0 0 0 2 DI LR I 0
—/2i 0 0 0 0 DI R ER 0
/Z ! . i . L B |
/K 0 0 |—v3|—i 0 0 O [ =+ 0 /

off-diagonal//
imaginary _
on-diagonal real

+ break into y-size pieces to get self-inverse



Net result



Evolution using control qubits

= H; =yU

m U, is self-inverse

R

1P

R

)

il (g —a)

p

Uy

(0]

=

)

e_iH15t|1/))

R. Cleve, D. Gottesman, M. Mosca, R. Somma, and D. Yonge-Mallo, In Proc. 41st
ACM Symposium on Theory of Computing, pp. 409-416 (2009).




Simulation of segments
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Simulation of segments
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Simulation of segments
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Simulation of segments
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Simulation of segments
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Compression of control qubits
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Compression of control qubits

[c(0™)) 5

)

N\

— W

a9lnNseasw

U:

J

Il

10000000100000000010000000000001000000)

P1

P2

P3

Om
"
success

)

<Compressed form: |c(x)) = |p1) ... |p|x|)|m)k_|x|>




ODblivious amplitude amplification

| B | 1 INEEN
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ODblivious amplitude amplification

success!

— W Wt

IR
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ODblivious amplitude amplification

— W Al

[P)> Uj Uj Uj Y’

IUIO)IllJ) T \/FIO)II/IIIJ) +y/1—=pl1)|¢)

Operation we know Operation we want
how to perform to perform

m Standard amplitude amplification: Need to reflect about U|0)|y).



ODblivious amplitude amplification

W wt

U:

J Uj

J

Uj ")

IUIO)IllJ) T \/5|0)II/|1/J) +y/1—=pl1)|¢)

Operation we know Operation we want
how to perform to perform

m Standard amplitude amplification: Need to reflect about U|0)|y).



ODblivious amplitude amplification

— W Al

[P)> Uj Uj Uj ")

IUIO)IllJ) T \/5|0)II/|1/J) +y/1—=pl1)|¢)

Operation we know Operation we want
how to perform to perform

m  Oblivious amplitude amplification: Only do reflections on first register.



Advanced methods

A. Quantum walks (2012) \/

B. Compressed product formulae (2013) /
Implementing Taylor series (2014)

C. Superposition of quantum walk steps (2014)

D. W. Berry and A. M. Childs, Quantum Information and Computation 12, 29 (2012).
D. W. Berry, A. M. Childs, R. Cleve, R. Kothari, R. D. Somma, arXiv:1312.1414 (2013).




Implementing Taylor series

m The Hamiltonian evolution can be expanded in Taylor
series:

=3
U = exp(—iHt) :21\{_ (—iHt)*

m For r segments, we would want

K
1

U, = exp(—iHt/r) = z F(—th/r)k
k=0



Implementing Taylor series

m If H Is unitary, can probabilistically implement using
controlled operation.

k
[0)— R P J R— (0]

D) H* e T )




Implementing Taylor series

m Inreality H is (approximately) a sum of unitaries
M
H = )/z Ug
7

m Exponential is then
K M M

m \We can again implement using controlled operations.



Implementing a Taylor series

zk
[ 21 e
0) 9w WTiro
N 1 =
’£2 Z,EK
1Y) Uy, Uy, Upy 1P’

® A measurement result of 0 corresponds to success.

m This can be performed deterministically using oblivious
amplitude amplification.



Advanced methods

A. Quantum walks (2012) \/

B. Compressed product formulae (2013) /
Implementing Taylor series (2014) ‘/

C. Superposition of quantum walk steps (2014)

D. W. Berry and A. M. Childs, Quantum Information and Computation 12, 29 (2012).
D. W. Berry, A. M. Childs, R. Cleve, R. Kothari, R. D. Somma, arXiv:1312.1414 (2013).




Superposition of qguantum walk

m A Hamiltonian H has
eigenvalues A.

m V is the step of a quantum

walk, and has eigenvalues
Uy = ieiiarcsin Ab

@ \We aim to achieve evolution
under the Hamiltonian. It has

eigenvalues
p—iAt

T — arcsin Ao

arcsin A6

lu-)

|4 )



Superposition of qguantum walk

m A Hamiltonian H has
eigenvalues A.

m V is the step of a quantum

walk, and has eigenvalues
Uy = ie+iarcsinﬂ,5

@ \We aim to achieve evolution
under the Hamiltonian. It has

eigenvalues
p—iAt

A

T — arcsin Ao arcsin A6

=) |4 )

m Corrected step V. has

eigenvalues
U= p—larcsin A6




Superposition of qguantum walk

m We have
—i arcsin A6

u=e
m We aim for
p—iAt

m Try superposition of operations

K
Voup = )V

k=0

|0) — W — W T—{ ) (0]

D) v Vsup¥)




Solving for a;,

m We have
—i arcsin A6

u=e

m We aim for
p—iAt

m Try superposition of operations

K
Voup = )V
k=0
= The eigenvalues of I, are m  Symmetry is better:
K K
Hsup = z ap” Hsup = Z et
k=0 k=—K
= We can solve for a;, such that = Then we can get
Hsup = e~ itd 4 0((t/1)K+1) Hsup = e~ itA 4 0((tl)2K+1)




Analytic formula for a;,

m The generating function for Bessel functions is:

1
Je@uk = eXp[ (u T ;)]

m For u = e~tarcsindd thig gives us what we want:

exp E (u T 1)] = g0 @)

K 0.6

k=—o0

m Take x = t/§ to get e ™, |
0.4

|
NN

N
N
()
=

-0.2

-0.4



Analytic formula for a;,

m The generating function for Bessel functions is:

23]

(oA

Ht 0.6

Jie(x)u* = exp

k=—o0

m Take x = —t/6 to get e 7L, |
0.4

-0.2

-0.4



The complete algorithm

=  Map into doubled Hilbert space.

@O

m Divide the time into d||H|| ot SEgMENtS.

0 t
m For each segment:
1. Perform the superposition. 2. Use amplitude amplification to

obtain success deterministically.

10)— W w1 (0]
Ji (x) > H

V) Ve Vsup|¥)

m Map back to original Hilbert space.

(D Total complexity: d||H||paxt X K



Choosing the value of K

Bessel function may be bounded as

e < = (%)

Scaling is the same as for Taylor series!

We can choose K to be polylog | Ji (1)
log(t/¢) 0.6
loglog(z/¢) |

0.4

Overall scaling Is |
O(d|lH llmaxt % polylog) 0.2

-0.2

-0.4



Single-segment approach

OB (Al H || maxt)

0.10t r]

| | HH’

)0 250 50 100k

~0.10< d||H |l pmaxt




Conclusions

= We have complexity of sparse Hamiltonian simulation
scaling as

O(d||H|[maxt X polylog)

= The lower bound is scaling as
O(d|lH|[maxt + polylog)

the quantum walk and
compressed product

= The method combines tt . ‘
/
formula approaches.
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